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thermodynamics, Urey equation, First-principles calculations



Keywords -- Equilibrium

Thermal Equilibrium: The temperature of the system does not
change with time and has same value at all points of the system.
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Chemical Equilibrium: No chemical reaction takes place in the
system and the chemical composition which is same throughout
the system does not vary with time.
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Laws of thermodynamics 
1. Zeroth law: A=B & B=C, A=C; Temperature (T)
2. First law: energy is conservative; Internal energy (U)
3. Second law: heat cannot be fully converted to work
4. Third law: The entropy of perfect crystal at 0 K is zero.

ü Enthalpy H = U + PV
ü Helmholtz free energy F = U – TS
ü Gibbs free energy G = H – TS = F + PV 

If we know G (T, P), we can derive all the other 
thermodynamic functions:

dU = TdS - PdV
dH = TdS + VdP
dG = -SdT +VdP

Maxwell relations 



Equilibrium Constants and DG

Equilibrium constant for a reaction: aA + bB « mM + nN

K=[M]m[N]n/[A]a[B]b

μ =μ* +RTlnfi

DG =m(μ*M +RTlnfM)+n(μ*N +RTlnfN)-a(μ*A +RTlnfA)-b(μ*B +RTlnfB)

=DG*+RTln([fM]m*[fN]n/[fA]a/[fB]b)

[fM]m*[fN]n/[fA]a/[fB]b= [M]m[N]n/[A]a[B]b=K

At equilibrium, DG = 0:

K=exp(-DG*/RT)



Urey equation (Bigeleisen-Mayer)

Equilibrium constant for a isotope exchange reaction: 
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K=[AX*][X]/[AX][X*]=exp(-DG*/RT)= exp(-DF*/kT)
F=-kTlnZ, Z is partition function: Z=&'()* &(+' &,-. &elec
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Reduced Partition Function Ratio
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Scope of Urey equation



Quantum mechanics

A. Piccard, E. Henriot, P. Ehrenfest, E. Herzen, Th. de Donder, E. Schrödinger, J.E. Verschaffelt, W. Pauli, W. Heisenberg, R.H. Fowler, L. Brillouin;

P. Debye, M. Knudsen, W.L. Bragg, H.A. Kramers, P.A.M. Dirac, A.H. Compton, L. de Broglie, M. Born, N. Bohr;

I. Langmuir, M. Planck, M. Curie, H.A. Lorentz, A. Einstein, P. Langevin, Ch.-E. Guye, C.T.R. Wilson, O.W. Richardson



Schrödinger equation
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Born-Oppenheimer approximation

Simple to write, 
yet hard to solve equation



Solving Schrödinger equation
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n = # 
electrons

Ψ (N3n) ρ (N3)

1 8 8
10 109 8
100 1090 8
1000 10900 8

N

N

N



Density functional theory
First theorem
Energy of the system is a unique functional of 
the charge density 
Second theorem
The correct ground state charge density 
minimizes the energy functional and the 
resulting energy is the ground state energy

Walter Kohn
(1923/03 ~ 2016/04)
1998 Nobel Prize 

in Chemistry

Pierre Hohenberg
(1934/10 ~ 2017/12)
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Kohn-Sham equation€ 

Etot n r( )[ ] =T n r( )[ ] +Eint n r( )[ ] + drVext r( )∫ n r( ) +Eion−ion

The exchange-correlation functional 

Local density approximation (LDA) VS. Generalized Gradient Approximation (GGA)



nin(r) n(r)=Σnat(r)

φ、Vxc、Veff

Solving Kohn-Sham Eq.
ψi

ψi nout(r)

Comparing nin nout(r)

Total energy Etot

No Yes

Mixing nin nout

Ab initio

Accurate?
No

Yes

Outputs: Etot ψi n(r)
Vxc Veff En(k) N(E)



Accuracy
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Classical empirical methods
ü pair potentials
ü force fields
ü shell models

Quantum empirical methods
ü tight-binding
ü embedded atom

Quantum self-consistent methods
ü density functional theory
ü Hartree-Fork

Quantum many-body methods
ü quantum Monte Carlo
ü MP2, CCSD(T), CI
ü GW, BSE

1. No empirical parameters
2. High P-T
3. Quantum mechanics







Wu et al. (2015)

Li et al. (2019)

Huang et al. (2019)

Wang et al. (2017)



Part 2. EIFFs among minerals: controlling factors
Temperature, pressure, concentration, occupancy site, ...



Cluster model VS. Periodic boundary conditions

Rustad and Yin (2007)



Temperature

Average Force Constant

“High-temperature” Approximation
ν [cm−1 ] < 1.39 T [K]

Bigeleisen and Mayer (1947)



Pressure effect – Fe

Polyakov (2009)
Inelastic nuclear resonance x-ray 
scattering (INRXS) spectroscopy

Shahar et al. (2016)



Pressure effect
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Helmholtz free energy

Wu & Wentzcovitch (2007)

Equation of state



Pressure effect– Mg, Si

γ: Grüneisen constant
B: Bulk modulus

Huang et al. (2013)

Huang et al. (2014)



Phase transition

Wu et al. (2015)

SiMg

C
oordination num

ber

CN



Si isotope composition of the deep mantle

Huang et al. (2014)



D44Caopx-cpx in peridotites

Why D44Caopx-cpx varies from 
0.36‰ to 0.72‰?

l Disequilibrium?
l Equilibrium temperature?
l Effect of opx Ca content?

Huang et al., (2010)

Concentration effect



Opx Ca-O bond length determines equilibrium Ca isotope 
fractionation between opx and cpx

Wang et al. (2017)

Concentration effect - opx



The effect of cpx Ca content is negligible

Wang et al. (2017)

Concentration effect - cpx



Wang et al. (2017)



Wang et al. (2017)

Concentration effect - carbonates



Wang et al. (2017)

Concentration effect - carbonates



Li et al. (2019)

Concentration effect - feldspars

Equilibrium isotope fractionation factors are dominantly 
controlled by the relative bond lengths

Shorter bonds are stronger with higher vibrational frequencies 
and enriched in heavy isotopes



Isotope systems of minor elements



Ti isotope compositions of Basalts

Zhao et al. (2020)Deng et al. (2019) 

Large Ti isotopic variations have been
observed in basaltic rocks



Role of Fe-Ti oxides

Deng et al. (2019)

Fe-Ti oxides were suggested to be enriched in light Ti isotopes 
relative to the melt during the magma differentiation

ilmenite
magnetite



clinopyroxene
Si4+↔Ti4+

Mg2++Si4+↔Ti3++Al3+

orthopyroxene
Si4+↔Ti4+

Mg2++Si4+↔Ti3++Al3+

olivine
Si4+↔Ti4+

pyrope
Al3++Si4+↔Ti4++Al3+

Si4+↔Ti4+

Al3+↔Ti3+



Ti4+
Si-doped olivine, cpx, opx, and pyrope > Ti4+

Al-doped 
pyrope > Ti3+

Al-doped pyrope >
geikielite (MgTiO3) > Mg0.5Fe0.5TiO3 > Ti3+

Mg-doped cpx
and opx > ilmenite (FeTiO3) > rutile



Equilibrium Ti isotope fractionation

Ø There is no significant Ti isotope fractionation
among Ti4+Si-doped cpx, opx, olivine, and pyrope

Ø Ti3+Mg-doped cpx and opx are extremely enriched
in light Ti isotopes relative to those Ti4+Si-doped
species

Ø The enrichment of light Ti isotopes in ilmenite
relative to Ti4+Si-doped silicate minerals with
103lnαFeTiO3-clinopyroxene of 49Ti/47Ti is up to -
0.67‰ at 1200 K

Ø The 103lnα between ilmenite and silicates
strongly depends on the Fe/(Mg+Fe) of ilmenite

Wang et al. (2020)



103lnβ VS. bond length & CN

Wang et al. (2020)



103lnβ VS. bond length & CN

Li et al. (2019)



103lnβ VS. bond length & CN



Summary

Bond length, CN, oxidation state, and 
electronic configuration...

Bond strength ≃ Force constant

lnbeta or lnalpha

" = $%$&'((1 − ,)
4/012%3&4Empirical formula

Pressure Temperature



Fe in Bridgmanite
Mg2+ ↔ Fe2+

Mg2++Si4+↔ Fe3++ Fe3+

Mg2++Si4+↔ Fe3++ Al3+



DFT+U: describe coulomb interactions among Fe 3d electron

Spin transition



Fe2+ in FeCO3

Liu et al. (2014)

Spin transition
Fe3+ in B site 
bridgmanite

Shukla and Wentzcovitch (2016)



Nuclear resonant inelastic X-ray scattering spectroscopy (NRIXS)

Experimental and Theoretical Methods

Credit: Jiachao Liu et al.

DFT+U: describe
coulomb interactions 
among Fe 3d electron



Phonon Density of State of 57Fe in FeCO3

NRIXS results Experimental and theoretical results of 
PDoS of Fe are consistent
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(Mg0.75Fe2+0.25)SiO3 Bridgmanite



(Mg0.75Fe3+0.25)(Si0.75Al0.25)O3 Bridgmanite



(Mg0.5Fe3+0.5)(Si0.5Fe3+0.5)O3 Bridgmanite



lnbeta of Fe in bridgmanite



Magma ocean crystallization



Fe isotope fractionation in the deep mantle



Fe isotope fractionation in the deep mantle



Part 3. EIFFs for aqueous solutions
Mg, Ba, Zn, Li, B, ...

!" + "∗ ⇌ !"∗ + "
K=[AX*][X]/[AX][X*]=exp(-DG*/RT)
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Statistical thermodynamics
Mechanical 
Properties of
Individual 
Molecules

position, velocity
energy, ...

Thermodynamic
Properties

temperature, pressure
internal energy, enthalpy,...

average
over molecules

average
over time

statistical
thermodynamics
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Thermodynamic integration

Free energy of an isotopic species depends on 
its kinetic energy and mass:

The ideal limit the kinetic energy of an atom



First-principles molecular dynamics 
simulations (FPMD)
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Molecular dynamicsFirst-principles calculations
1. No empirical parameters
2. High precision
3. PT are parameters
4. Solve quantum equations
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Kohn-Sham equation Energy & Force

Quantum mechanics + Statistical mechanics

Solution structures



Path Integral Molecular Dynamics

The drawback of PIMD methods is the computational cost 
that is almost prohibitive for treating at the ab initio level 
most of the systems relevant in geosciences



Equilibrium fractionation of H and O isotopes

Pinilla et al. (2014)

D/H 18O/16O



Compromise strategy

Capturing the structure of aqueous solution



Applications of Mg isotopes

Ø Continental weathering (Pogge von Strandmann et al., 2008; 
Teng et al., 2010; Pokrovsky et al., 2011; Huang et al., 2012; 
Wimpenny et al., 2014; Kasemann et al., 2014);

Ø Paleo-environmental reconstruction (Anbar and Rouxel, 2007; 
Higgins and Schrag, 2015; Husson et al., 2015);

Ø Deep carbon recycling (Yang et al., 2012; Huang et al., 2015; Liu 
et al., 2015; Li et al., 2016);

Ø Mg global cycle (Tipper et al., 2006; Higgins and Schrag, 2010; 
Beinlich et al., 2014; Fantle and Higgins, 2014);

Ø ……



Theoretical calculations

Rustad et al., 2010; Schauble, 2011;
Pinilla et al., 2015; Gao et al., 2018Big differences



Mavromatis et al. (2013)



Radial distribution functions for Mg-O pairs



103lnbeta of aqueous Mg2+



103lnbeta & 103lnalpha



Dolomite-aqueous Mg2+



Magnesite-aqueous Mg2+



Calcite-aqueous Mg2+



Aragonite-aqueous Mg2+



Brucite & Lizardite-aqueous Mg2+



ØAlkaline earth metal, found in Barite and Witherite
ØHighly incompatible elements, Crust/Mantle ~ 95
ØElement Linked to Fluid Activity
ØElement related to biological processes in the ocean
ØSeven stable isotopes: 130, 132, 134, 135, 136, 137, and 138

ØA useful tracer of Fluid Mobility
ØTracing the recycling of subducting materials
ØBa cycling in the ocean
ØReconstruction of past productivity?



Ba cycling in the ocean



Ba isotope fractionations between solids and solutions

Böttcher et al. (2018)



Ba isotope fractionations between solids and solutions

Liu et al. (2019)Mavromatis et al. (2020)

Mavromatis et al. (2016)

Aragonite

Calcite

Witherite

Natural corals



Urey equation

Average Force Constant

“High-temperature” Approximation
ν [cm−1 ] < 1.39 T [K]

Bigeleisen and Mayer (1947)



103lnbeta of aqueous Mg2+: Force vs. Frequencies







103lnbeta and 103lnalpha



Controlling factors



HT Approximation is valid for Ba isotopes?



Aqueous Ba2+: Structure & Force constant



103lnalpha: mineral-aqueous Ba2+



Summary

FPMD + Urey equation



4. Future prospects



Santosh et al. (2015)



Accuracy

Si
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n

Classical empirical methods
ü pair potentials
ü force fields
ü shell models

Quantum empirical methods
ü tight-binding
ü embedded atom

Quantum self-consistent methods
ü density functional theory
ü Hartree-Fork

Quantum many-body methods
ü quantum Monte Carlo
ü MP2, CCSD(T), CI
ü GW, BSE

The biggest advantage and 
shortcoming:

Quantum mechanics!
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Kohn-Sham equation



Machine learning models density functionals

Brockherde et al. (2017)



Machine learning creates density functionals

Dick & Fernandez-Serra (2020)


